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o 

ABSTRACT. A topologically-invariant and additive homology class is mostly not a natural transformation as it is. In this 

■ paper we discuss turning such a homology class into a natural transformation; i.e., a "categorification" of it. In a general 
Q ' categorical set-up we introduce a generalized relative Grothendieck group from a cospan of functors of categories and also 

consider a categorification of additive invariants on objects. As an example, we obtain a general theory of characteristic 
, homology classes of singular varieties. 

00 

1. Introduction 

Characteristic classes are important invariants in modern geometry and topology to investigate other invariants. 
Classically characteristic classes with values in cohomology theory were considered for real or complex vector bun- 
dles. The main feature of them is that they are formulated as natural transformations from the contravariant functor 

■ of vector bundles to the cohomology theory. When it comes to the case of possibly singular varieties, characteristic 
classes are considered in homology theory, instead of cohomology theory and still formulated as natural transfor- 
mations from a covariant functor J- to a (suitable) homology theory H*, satisfying the normalization condition 
that for a smooth variety X the value of a distinguished element Ax ofJ-(X) is equal to the Poincare dual of the 
corresponding characteristic cohomology class of the tangent bundle: 

t c1 : JY-) -> #*(-) such that for X smooth t cI ,(A x ) = cl(TX) n [X]. 

\Q , Most important and well-studied theories of characteristic homology classes of singular varieties are the following 

ones, where we consider here for simplicity only the category of complex algebraic varieties and functoriality 
is required only for proper morphisms. Below, in (1) and (2) the homology theory H*(X) is either Chow groups 
CH* (X) or the even-degree Borel-Moore homology groups H^ 1 {X), whereas in (3) X is assumed to be compact 
and thus the homology theory (X) is the usual even-degree homology group H2* (X): 

(l) MacPherson's Chern class [Macl] c* /ac : F(-) — > H*(— ) is the unique natural transformation from the 
covariant functor F of constructible functions to the homology H*, satisfying the normalization condition 
that for a smooth variety X the value of the characteristic function is the Poincare dual of the total Chern 
class of the tangent bundle: 



cf-(lx) = c(TX) n [X]. 

(2) Baum-Fulton-MacPherson's Todd class llBFMl tdf FM : G {X) -> H*(X) <g) Q is the unique natural 
transformation from the covariant functor Go of Grothendieck groups of coherent sheaves to the rational- 
ized homology (g> Q, satisfying the normalization condition that for a smooth variety X the value of 
(the class of) the structure sheaf is the Poincare dual of the total Todd class of the tangent bundle: 

tdf FM ([o x }) =td(TX)n[x\. 
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(3) Goresky-MacPherson's homology L-class |GM|, which is extended as a natural transformation by Cappell- 
Shaneson ICS I (also see 1Yo2I ). L^ s : Q(X) — »■ H*(X)®Q is a natural transformation from the covariant 
functor il of cobordism groups of self-dual constructible sheaf complexes to the rationalized homology the- 
ory ff* ®Q, satisfying the normalization condition that for a smooth variety X the value of the (class of the) 
shifted constant sheaf is the Poincare dual of the total Hirzebruch-Thom's L-class of the tangent bundle: 



CSi 



L 



Here X is assumed to be compact. 



[dim*]]) = L(TX) n [X]. 



Recently these three theories c^ ac ,td^ FM and L^ s are "unified" by the motivic Hirzeruch class |BSY] (see 
also lISYl . llSchl and IYo41 ) T Vif : K (Vc/X) -)• H*(X) ® Q[y], which is the unique natural transformation such 

that for a smooth variety X the value of the isomorphism class of the identity X 
generalized Hirzebruch-Todd class T y (TX) of the tangent bundle: 



id x 



¥ X is the Poincare dual of the 



ids 



+ X})=T y (TX)n[X]. 

Here Kq(Vc/X) is the relative Grothendieck group of the category Vc of complex algebraic varieties, i.e., the 
free abelian group generated by the isomorphism classes [V — > X] of morphism h G homy c (V, X) modulo the 



relations 



X] 



[Vi 
[V \x\ 



- [V 2 X] = [Vi U V 2 hl+h2 y X], with U the disjoint union, and 

[V \ W X] + [W ' 



X] for W C V a closed subvariety of V. 



The generalized Hirzebruch-Todd class T y (E) of the complex vector bundle E (see MHirllHB JI) is defined to be 

+ y) 



Ty{E) 



-v 

rank E 

n 



1 _ e -e»t(l+y) 



a lV \ eH*(X)®Qlyl 



where on is the Chern root of E, i.e., c(E) = (1 + a{). Note that 



i=i 



(1) T_i{E) = c(E) is the Chern class, 

(2) T {E) = td(E) is the Todd class and 

(3) Ti {E) = L(E) is the Thom-Hirzebruch L-class. 

The "unification" means the existence of the following commutative diagrams of natural transformations: 



Ko(V c /X 



H m (X) 




F(X) 



K (V C /X) 



To, 




G (X) 



K (V C /X) 



Ti, 




n(x) 



Here const : Kq(Vc/X) — > F(X) is defined by const([V — > X]) := h*TLy The other two comparison trans- 
formations are chai-acterizedby coh([V A X}) = K([O v ]) and sd([V A X}) = /i„([Q v [dim V]}) for V smooth 
and h proper. T y ^(X) := T y A[X X]) is called the moti vie Hirzebruch class ofX. For more details see BBSYl . 
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Besides these characteristic classes formulated as natural transformations, there are several important homology 
classes which are usually not formulated or not captured as such natural transformations; for example: Chern- 
Mather class c* ; (X) ( IIMacll ), Segre-Mather class s^(X) ( IIYoll ), Fulton's canonical Chern class cf (X) (IfFul), 
Fulton-Johnson's Chern class cf J (X) (El El), Milnor class M(X) (e.g., see ED, MBLSS1 , llPPl llYo3l , etc.), 
which is (up to sign) the difference of the MacPherson's Chern class and the Fulton-Johnson's Chern class, etc. 

In MYo51 we captured Fulton-Johnson's Chern class and the Milnor class A4(X) as natural transformations, with 
the latter one as a special case of the Hirzebruch-Milnor class (also see |CMSS|), using the motivic Hirzebruch 
class. In this paper we generalize the approach and results of IIYo5H to a more general abstract categorical context 

(cf.M). 

Let B be a category with a coproduct U. Here we assume that a fixed coproduct X U Y of any two objects I,F6 
ob(B) has been choosen, as well as an initial object in B, so that we can view (B, U) as a symmetric monoidal 
category with unit 0. Examples are the category TOV (resp., TOVi c ) of (locally compact) topological spaces, the 
category C°° of C°°-manifolds, or the category Vfc of algebraic varieties (i.e., reduced separated schemes of finite 
type) over a base field k, with the coproduct U given by the usual disjoint union. Moreover, for B = TOVi c , C°° or 
Vfc, we often consider them as categories only with respect to proper morphisms. Let AB be the category of abelian 
groups with the coproduct U given by the direct sum ©. Then a covariant functor T~L : B —> AB is called additive 
(cf. IILMI ). if it preserves the coproduct structure U, i.e., if we get the following isomorphism: 

(*jc). e {iy)* ■ n(x) © H(Y) ■=> H(X U Y) 

where ix : X ^ X LAY and iy : Y — > X U Y are the canonical injections. In particular, = {0}. Examples of 
such an additive functor H are a generalized homology theory H* for B = TOV, the Borel-Moore homology the- 
ory H^ M for B — TOVic, the functor Go of Grothendieck groups of coherent sheaves or the Chow groups CH* 
for B = Vfc, as well as the functor F of constructible functions or il of cobordism groups of self-dual constructible 
sheaf complexes for B — Vfc. 

Let C be a category of "(topological) spaces with some additional structures stable under U", such as the cat- 
egory of (complex) algebraic varieties, the category of (compact) topological spaces, or the category of oriented 
smooth (i.e., C°°-) manifolds, etc. More abstractly, C is a symmetric monoidal category (C, U) together with a strict 
monoidal forgetful functor f : (C, U) — > (B, U). Then an additive invariant on objects in ob(C) with values in the 
additive functor H is given by an element a(X) 6 H(f(X)) for all X G ob(C) satisfying 

a(X U Y) = (i KX) )*a(X) + (i m )*a(Y), 

where i»x) ar, d if(Y) are me corresponding canonical inclusions. Note that the sum or difference a ± j3 of two 
additive invariants with values in H is again such an invariant. 

Example 1.1. Let B = Vfc be the category of complex algebraic varieties and C be a full subcategory of B which is 
stable under disjoint union, isomorphisms and contains the initial object and the final object pt (e.g., an admissible 
subcategory in the sense of Levine-Morel IILMI ). such as the category V^" 1 of smooth varieties, V(f of locally pure 
dimensional varieties, V^ rib of varieties embeddable into smooth varieties, or V^ CJ of local complete intersections. 
Then we have the following additive invariants, some of which are already mentioned above: 

(1) characteristic homology classes c£*(X) := ci{TX) n [X] 6 H*{X) ® R for X e o6(Vfc m ) with [X] 
the fundamental class and TX the tangent bundle, or the corresponding virtual classes c£*(X) for X G 
o6(V,[f l ), with TX the virtual tangent bundle and cl(TX) a characteristic cohomology class. 

(2) Fulton's canonical Chern class or Fulton-Johnson Chern class cf (X), cf J (X) for X G o6(Vfc mfc ). 

(3) Mather-type characteristic homology classes c£^' Ia (X), such as Chern-Mather class and Segre-Mather 
class, or the local Euler obstruction Eu x G F{X) as a constructible function for X G ob(V l ^ d ). 

(4) the (class of the) self-dual Intersection Homology complex \LCx\ € Cl(X) and for X compact its Goresky- 
MacPherson's L-homology class L GM (X) G H^X) for X G ob(V l ^ d ). 
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A categorification of the additive invariant a with values in the additive functor H is meant to be an associated 
natural transformation 

T a : H a -> H o f 
from a covariant functor H a on the category C, such that 

T a (Sx) = a(X) 

for some distinguished element S x G H a (X) and all X e ob(C). 

To construct such a covariant functor Ha, we introduce generalized relative Grothendieck groups, using comma 
categories in a more abstract categorical context. The construction of such a covariant functor is hinted by the def- 
inition of the relative Grothendieck group Kq(Vc/X) and more clearly by the description of the oriented bordism 
group nf°(X). 

The oriented bordism group 0^° (X) of a topological space X is defined to be the free abelian group generated 

by the isomorphism classes [M A» X] of continuous maps M —> X from closed oriented smooth manifolds M of 
dimension m to the given topological space X, modulo the following relations 

(1) [M \ X] + [M 1 ^X] = [MUM' X], 

(2) if M \ X and M' X are bordant, then [M \ X] = [M 1 X]. 

h h' 

Note that if M A X and M' X are isomorphic to each other, i.e., there exists an orientation preserving 
diffeomorphism <p : M = M' such that the following diagram commutes as topological spaces: 

4° 

M *» M' 




then MAlandM'^X are clearly bordant to each other. Hence we can say that the bordism group Q^(X) 

is defined to be the free abelian group generated by isomorphism classes of continuous maps M — > X from closed 
oriented smooth manifolds M of dimension m to the given topological space X, modulo the relations (1) and (2) 
above. The bordism group can also be described slightly differently as follows: the set of the bordism 

classes [M A X] can be turned into a commutative semi-group or monoid M(X) by the relation (1) above, with 
= [0 — >• X] . Then the Grothendieck group or the group completion of the monoid M (X) is nothing but the above 
bordism group fl^(X). 

In the definition of the bordism group two categories are involved: 

• the category of closed oriented C°°-manifolds, i.e., compact oriented C°°-manifolds without boundary, 

• the category TOT of topological spaces. 

It should be emphasized that even though we consider such a finer category for a source space M the map 
h : M — S> X of course has to be considered in the crude category TOV. 

The bordism group Of ° is a generalized homology theory, in particular fif ° is a covariant functor 

nf° : TOP -> AB, 

where AB is the category of abelian groups. 

Clearly we can consider this covariant functor on a different category finer than the category TOV of topological 
spaces, e.g., the category Vc of complex algebraic varieties. Namely we consider continuous maps h : M — > V 
from closed oriented manifolds M to a complex algebraic variety V. Then we still get a covariant functor 

Of ° : Vc -> AB. 
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In this set-up three different categories C™, TOP and Vc are involved. More precisely, we have the following 
forgetful functors f s : ->• TOP and f t : V c -> TOP (here "s" and "t" mean "source object" and "target 
object): 

C TOT? £ Vc- 

And the commutative triangle 

M >M' 




really means 

f fl (M) >fs(M / } 




Abstracting this situation, we deal in this paper with a more general situation of a cospan of categories 

C S ^B^ C u 

where B is a category with (chosen) coproducts U, (C s , U) is a symmetric monoidal category with S : C s — > B a 
strict monoidal functor respecting the units 0, and T : C t — > B just a functor. 

Two triples (V,X,h), (V',X, h'), where V, V e o6(C s ),X e ofe(C t ), /i e /ioro B (S , (V),T(.X')) and ft' e 

/iomg(5(y),T(X)), are called isomorphic, if there exists an isomorphism (f) : V ^ V E homc s (V, V) such 
that the following diagram commutes, just like as above: 




T(X). 



Then the isomorphism classes [(V, X, h)] of triples (V, X, h) can be turned into a monoid Ai(C s B/T{X)) 

by 

[{V, X, h)} U [{V, X, h')] := [(V UV 1 X 1 h + h% 

S 

with unit = [(0,-X", h)j. The associated Grothendieck group is denoted by K(C S A B/T(X)) (respectively 

K(C S — > B/X) in case Ct — B and T = idc t ) and called the canonical generalized (S, T)-relative Grothendieck 
group. It is a covariant functor with respect to X by composing /i with T(f) for / e homc t (X, X'). 

Remark 1.2. In the following two cases, a distinguished element S x £ K(C S A B/T{X)) is available: 

(i) <J s(y) : = [(T/,5(F),id s(y) )] for X = S(V) in the case when T = id Ct : C t -> C t = 6 is the identity 
functor. 

(ii) <5 y : = [(V, V, id s(y) )] for X = F in the case when C t = C s and T = S. 

When it comes to a categorification of an additive invariant a with values in an additive covariant functor 
H : B — > AB, we sometimes need to consider a stronger notion of an isomorphism of triples (V, X, h) (e.g. in 
the context with V an "oriented space"): Let (V, X, h), (V, X, h') be two triples as above. Then they are called a- 
isomorphic if the following holds: they are isomorphic as above by an isomorphism cf> : V ^> V E homc s {V, V) 
such that 

(S(cb))MV) - a(V>). 
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If this last equality holds for any isomorphism <j> : V —> V £ homc s {V,V), then a is also called an 
isomorphism invariant. So in this case there is no difference between a-isomorphism classes and isomorphism 
classes for such triples (V, X, h). The a-isomorphism class of (V,X,h) is denoted by [(V, X, h)} a and these 

can be turned as before into a monoid M. a (C s — > B/T(X)), since a is additive. The associated generalized 

s s 
(S, T) -relative Grothendieck group is denoted by K a (C s — > B/T(X)), respectively K a (C s — * B/X) in case 

Ct = B and T = idc t . If it is clear that we consider this group K a (C s — > B/T(X)) from the context, we 
sometimes omit the suffix a from the notation, e.g. if a is an isomorphism invariant. Similarly, if we consider 
B = TOVic, C°° or Vk only as categories with respect to proper morphisms, then this is indicated by the notation 

K pro P{ c s i> B/T{X)),KP r °P{C s A B/X) etc. 

Theorem 1.3. (A "categorification" of an additive invariant) Let % : B — > AB be an additive functor on B with 
T' = % o T. Then an additive invariant a on ob(C s ) with values in % induces a natural transformation on Ct: 

T a :K a (C s ^B/T(-))^T'(~); r a ([(V, X, h)] a ) :=h.(a(V)). 

Assume T is full, and consider one of the cases (i) or (ii) as in Remark \l .21 Then r a is the unique natural transfor- 
mation satisfying 

T a ([(y,S(V),id S (v))] a )=a(Y) or T a ([(V,V,id s{v) )] a ) = a(V). 

Let us illustrate this result by some examples. 

Example 1.4. Let TOP be the category of topological spaces and let be the category of closed oriented 
C^-manifolds, whose morphisms are just differentiable maps. Consider the following cospan of these categories: 

C~ 4 TOT 4^2^ TOV, 

where f : -> TOV is the forgetful functor. Then the fundamental class [M] G H*(M) for M G ob(C™) is an 
additive invariant with values in the usual homology H*. More generally, let c£(E) G H*(—; R) be a contravariant 
functorial characteristic class of (isomorphism classes of) oriented vector bundles E. Then also 

a(M) := c£(TM) n [M] G H*(M;R) 

is additive, where we recover the fundamental class for c£ the unit 1 G H*(—), Assume ci is normalized in the 
sense that 1 = c£°(E) G H°(—; R), so that a diffeomorphism <f> : M ^> M' of such oriented manifolds is an 
a-isomorphism if and only if it is orientation preserving. Then there exists a unique natural transformation 

r cl : K a (C£ -4 TOP/-) -»• H,(-;R) 
such that for a closed oriented C°°-manifold M 

Td([(M, f(M), idf( M ))]a) = c£(TM) n [M]. 
Let Qf°(X) be the oriented bordism group of a topological space X. Then we have 

nf°(x) s x Q (c^ A top/x)/ ~, 

with ~ the bordism relation. And r C £ factorizes over in the case when cl is stable in the sense that 

cl(E ® K) = c£(J5) for K the trivial real line bundle. 

Example 1.5. Let Vc be the category of complex algebraic varieties, with C the full subcategory V^" 1 , V^ d , V^ mb 
or V(f l of smooth, locally pure dimensional, embeddable or local complete intersection varieties, with 

a(V) :=c£4V) G -ff* (V) <g> R 

for V G 06(C) a corresponding additive characteristic homology class as in Example ll.il Here the homology 
theory H*(X) is either Chow groups CH*(X) or the even-degree Borel-Moore homology groups iJ^ M (X). 
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Then a is also an isomorphism invariant. Consider the following cospan of categories, where we consider only 
proper morphisms: 

C4v c <-!£- Vc, 

with f : C — > Vc being the inclusion functor. Then there exists a unique natural transformation 

r rf : RP r °P(C 4 V c /-) -> F.(-) ® fl, 

such that for all V e 06(C) 

7-c 4 ([(V J f(V) J td f(V) )])=rf*(V r ). 

Moreover, there is a tautological surjective natural transformation 

K pro P{c ^ V(;/ _j ^ K (V C /-) 

to the relative Grothendieck group Kq(Vc/— ) of complex algebraic varieties. And for C = V|i m and 

c4(^)=T y (Tt/)n[T/]=T^(F) or c£*(V) = c(TV) D [V] = c*(V), 

i.e., the Hirzebruch homology class or MacPherson's Chern class, the transformations . and r c , factorize over 
^o(V c /-)byjBSYl. 

In §2 we explain the general categorical background and prove Theorem 1 1.31 whereas in §§3-4 we apply it to 
many different geometric situations, e.g., for obtaining Riemann-Roch type theorems. 

2. Generalized relative Grothendieck groups 

Definition 2.1. Let C be a symmetric monoidal category equipped with monoidal structure © and the unit object 
0. The Grothedieck group K(C) is defined to be the free abelian group generated by the isomophism classes [X] of 
objects X G ob(C) modulo the relations 

[X\ + \Y] = [X@Y], ,withO = [0]. 

A functor <£> : C% — >• C2 of two symmetric monoidal categories is a functor which preserves © in the relaxed 
sense that there are natural transformations: 

$(A) © C2 $(5) ^ $(A © Cl B), 

In some usage it requires an isomorphism 

©c 2 HB) = <f>(A ffi Cl B), 
in which case it is called a strong monoidal functor. Here we also assume that $ respects the units. 

Example 2.2. Let B be a category with a (chosen) coproduct U and % : £> — > AB be an additive covariant functor. 
Then we have 

H*(X UY) = H*(X) ® H*(Y) , with W.(0) = {0}. 

Examples of such an additive functor TL are a generalized homology theory H* for B = TOV, the Borel-Moore 
homology theory H® M for B = TOVi c , the functor Go of Grothendieck groups of coherent sheaves or the Chow 
groups C7J» for B — Vfc, as well as the functor F of constructible functions or £1 of cobordism groups of self-dual 
constructible sheaf complexes for B = Vc- 

Lemma 2.3. Let & : C± C2 be a strong monoidal functor of two symmetric monoidal categories. Then the map 

: K(d) ^ K(C 2 ), *.([*]) := [*(JT)] 

is a well-defined group homomorphism. Namely, the Grothendieck group K is a covariant functor from the category 
of such categories and functors to the category of abelian groups. 

Now we recall the notion of comma category and fiber category (e.g., see [MacL]): 



8 



JORG SCHURMANN AND SHOJI YOKURA 



Definition 2.4. Let C s (the suffix "s" meaning source), C t (the suffix "t" meaning target) and B be categories, and 
let 

be functors among them (which shall be called a cospan of categories). The comma category, denoted by (S I T), 
is formed by 

• the objects of (S I T) are triples (V, X, h) with V G ob(C s ), X G ob(C t ) and h 6 ham B (S(V),T(X)), 

• the morphisms from (V, X, h) to (V ', X', h') are pairs (g s ,gt) where g s : V — > V is a morphism in C s 
and g t : X — > X' is a morphism in Ct such that the following diagram commutes in the category B: 

S(V) -^h S(V) 



h 



h' 



T(X) > T(X'). 

T(g t ) 

S T 

Definition 2.5. Let C s — > B 4— C t be a cospan and let (S I T) be the above comma category associated to the 
cospan. We define the canonical projection functors as follows: 

(1) 7Tt : (S I T) -> C t is defined by 

• for an object (V, X, h), 7r t ((V, X, h)) := X, 

• for a morphism = (V,X,/i) ->■ (V',X',h r ), ^t{{g s ,gt)) ■= gt- 

(2) n s : (S | T) -> C s is defined by 

• for an object (V, X, /i), 7r a ((V, X, h)) := V, 

• for a morphism (g s ,g t ) : (V,X,/i) ->■ (V',X',h r ), Tr s ((g s ,g t )) := g s . 

Namely a cospan of categories C s — > S 4— C t induces a i/?an of categories C s <— L (5 1 1 T) -A C t . 

Definition 2.6. Let F:C->Dbea functor of two categories. Then, for an object £> G ob(D) the fiber category of 
F over £?, denoted by F^ 1 (B), is defined to be the category consisting of 

• the objects X G ofo(C) such that F(X) = B, 

• for such objects X, X', morphisms f : X —¥ X' such that F(f) = ids- 
In other words, more precisely, this category should be denoted by F^ 1 (B, ids)- 

Exampie 2.7. As above, let us consider a cospan of categories and its associated span of categories: 

C S ^B^C U C s <^{SlT)^C t . 

(1) For an object X G Ct, the fiber category n 1 T l (X) is nothing but the S-over category (S I T(X)), whose 
objects are objects S-over T(X), i.e., the triple (V, X, h), and for two triples (V, X, h) and (V, X, h') a 
morphism from (V, X, h) to (V , X, h') is g s G homc s (V, V) such that the following triangle commutes: 

S(V) — ^ S(V) 





T(X). 

(2) Furthermore, if C s — B and S = ids is the identity functor, then the above S-over category (S I X) is 
the standard over category (B 4- X), whose objects are objects over X, i.e., morphisms h : V — > X, and 
for two tmorphisms h : V — > X and h : V — > X a morphism from h : V — > X to h : V — > X is 
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g G homis(V, V) such that the following triangle commutes: 

V *~V 




Remark 2.8. For an object V G C s , the fiber category ir~ 1 (S) is nothing but the T-under category (S(V) | T), 
whose objects are objects T-under S(V), i.e., the triple (V, X, h), and for two triples (V, X, h) and (V, X', h') a 
morphism from (V, X, h) to (V, X', h') is g t G homc t (X, X') such that the following triangle commutes: 



S(V) 




Similarly, we can think of the T-under category (V I T) and the under category (V I £>), but we do not write 
them down here, since we do not use them below in the rest of the paper. 

S T 

Proposition 2.9. Let C s — > B < — Ct be a cospan of categories. Then a morphism f £ homc t (Xi, X2) gives rise 
to the functor between the corresponding fiber categories: 

T(f%:n^(X 1 )^^\X 2 ), 

which is defined by 

(1) For an object (V, X 1 ,h) > T(/)„((V, X u h)) := (V, X 2 , T(f) o h). 

(2) For a morphism (g s ,id Xl ) ■ (V,X 1 ,h) -> (V',X 1 ,ti) with g s E hom Cs (V,V), 

T(fU(g s ,id Xl )) := (g s ,id X2 ) : (V, X 2 , T(f) o h) -> (V , X 2 , T(f) o ti). 
S(V) S(V) 




T{X 2 ) 

Lemma 2.10. Let B be a category with a coproduct U, with the coproduct of any two objects and an initial object 

S T 

chosen, and let (C S ,U) be a symmetric monoidal category. Let C s — > B < — Ct be a cospan of categories with 
S : (C s , U) — > (B, U) a strict monoidal functor and T : Ct — > B just a functor. Then for each object X G ob(Ct), 
the fiber category tt^ 1 (X), i.e. the S-over category (S I T(X)) becomes also a symmetric monoidal category with 

(V, X, h) U (V, X, h') := (V u V, X,h + h'). 

Corollary 2.11. Let the situation be as above. A morphism f G homc t {X\, X 2 ) gives rise to the canonical group 
homomorphism 

T(f)^.K(^ 1 (X 1 ))^K(^ 1 (X 2 )), 

and 

K{^\-)):C t ^AB 
is a covariant functor from the category Ct to the category of abelian groups. 
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After these simple observations, we can introduce the following notions: 

Definition 2.12 (Generalized relative Grothendieck groups with respect to a cospan of categories). 
Let C s A B A C t be a cospan of categories as in Lemma l2.10l 

(1) The Grothendieck group of the fiber category of the projection functor -K t : (S \. T) — >■ C t is denoted by 

K{C.^B/T{X))i=Kfa\X))) 

and called the generalized (S, T)-relative Grothendieck group of X 6 Ct- 

(2) If C t = B and T = id B , then K(C S A B/T(X)) is simply denoted by K(C S A B/X). 

(3) If S = T = idc s : C s —5- C s is the identity functor, then the above zdc-relative Grothendieck group 

K(C S — Cg/X) is simply denoted by K(C S /X) and called the relative Grothendieck group of X or the 
relative Grothendieck group ofC s over X. 

All these relative Grothendieck groups are covariant functors from Ct to AB. 

Remark 2.13. If T(X) — pt is a terminal object in the category B, then all the above relative Grothendieck groups 
are isomophic to the Grothendieck group K(C S ) of the symmetric monoidal category (C s , U): 

K{C S A B/T{X) = pt) S K(C S 4 B/pt) S K(C s / P t) S K(C S ). 

Proposition 2.14. Lef C s ^ B Ct be a cospan of categories as in Lemma [2.10\ ${, : £> — >■ B' be a covariant 
functor preserving (chosen) coproducts and set S' :=$|,oS and T' :— o T. Then we get the canonical natural 

s s' 
transformation from the functor K(C S — > B/T(—)) : Ct — > AB to the functor K (C s — > B /T {—)) : Ct — > AB: 

$* : K(C, A B/T(-)) K(C S ^ B'/T'{-)), 
i.e., for a morphism f G homc t (X\ , X2) the following diagram commutes in the category AB: 

K{C S A B/T(Xi)) — if (C, ^ B'/T'iX^) 



T(f), 



T'(f), 



K(C S A B/T(X 2 )) ► A-(C a ^ B'/T'(X 2 )). 

** 

//ere : A"(C S A B/T{X)) ->• if(C s B'/T'{X)) is defined by 

*.([(V,X,h)] := [(y,X,$ 6 (/i))]. 

Proof. It suffices to show the commutativity = in the square diagram above. First we observe the 

following morphisms: 

s'(v) = MS(v)) 

•S>b(h) 

T'(Xi) = MT(Xi)) 

T'(f)=<f b (T(f)) 

T'(X 2 ) = $ b (T(X 2 )) 
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Then we get for [(V, Xi,h)] e K(C S A B/T{X X )): 

T'(f)^([(V,X 1 ,h)})=T'(f) t ([(V,X 1 ,$ b (h))} 
= [(V,X 2 ,T'(f)o$ b (h))} 
= [(y,X 2 ,* b (T(f))°*b(h))] 
= [(V,X 2 ,$ b (T(f)oh))] 
= $*([(V,X 2 ,T(f)oh)}) 
= $*T(f)*([(V,X 1 ,h)]). 

□ 

As explained in the introduction, when it comes to a categorification of an addtitive invariant a with values 
in an additive covariant functor H, we need to consider a-isomorphism class [(V, X, h)] a . Then all the previous 

results hold even if we replace [(V, X, h)] and K(C S A B/T{-)) with [(V, X, h)] a and K/a(C s -4 B/T(-)), 
respectively. And we get the following result: 

Theorem 2.15. (A "categorification" of an additive invariant) Let B be a category with a coproduct U, with the 
coproduct of any two objects and an initial object chosen, and let (C s ,l_l) be a symmetric monoidal category. 

S T 

Consider a cospan of categories C s — > B < — Ct, with S : (C S ,U) — > (B, U) a strict monoidal functor and 
T : Ct —> B just a functor. Let H : B — > AB be an additive functor on B with T' = % o T. Then an additive 
invariant a on Obj(C s ) with values in % induces a natural transformation on Ct: 

T a :K a {C s ^B/T(-))^T'{-); r a ([(V, X, h)] a ) := h*(a(V)). 

Assume T is full, and consider one of the cases (i) or (ii) as in Remark \1.2\ Then T a is the unique natural transfor- 
mation satisfying 

T a {[V,S{V)Ms{v)] a ) =a(V) or T a ([V,V,ids(v)] a ) = a(V). 

Proof. Note that r a is well-defined, since we consider a-isomorphism classes so that it does not depend on the 
chosen representative of the class [(V, X, h)] a . Then t q becomes a group homomorphism by the definition of an 
additive invariant and the functoriality of H: 

T a ([(V, X, h)] a + [{V, X, /l')]a) = r a ([(V, X, h)] a U [(V', X, h')] a ) 

= T a ([(VUV',X,h + h')] a ) 

= (h + h')*(a{VUV')) 

= (h + h%((i f(v) )^a(V) + (i f(v ,)). a(V')) 

= (h + h'Ui m Ua(V)) + (h + h%(i KVI) )*(a(V')) 

= h*{a{V)) + K{a{V')) 

= T a ([(V, X, h)] a ) + T a {[(V, X, h')] a ), 

since (h + hj) o if(y) = h an d Q 1 + h>) ° *f(V') = Finally assume T is full so that there is a morphism 
/ £ hom Ct (S(V), X) in the case of (i), or / £ hom Ct (V, X) in the case of (ii), with T(f) = h : S(V) -> T(X). 
Then 

f*([(V,S(V),id s(v) )] a ) = ([(V,X,h)] a ) or M[{V,V,id s(v) )] a ) = ([(V,X,h)] a ) , 
which implies the uniqueness statement. □ 
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3. A CATEGORIFICATION OF AN ADDITIVE HOMOLOGY CLASS 

In the rest of the paper we deal with B a category of spaces (with some possible extra structures), with the co- 
product U given by the usual disjoint union. Examples are the category TOVn c \ of (locally compact) topological 
spaces, the category C£? Q ) of (closed oriented) C°°-manifolds, or the category Vk of algebraic varieties (i.e. reduced 
separated schemes of finite type) over a base field k. And the additive covariant functor H. : B — > AB is most of the 
time a suitable homology theory, like usual homology iJ» (— ; R) with coefficients in some commutative ring R or a 
generalized homomolgy in case B = TOV. Moreover, for B = TOVic, C°° or Vk, we often consider them as 
categories only with respect to proper morphisms, with % the (even degree) Borel-Moore homology HEM{—\ R) 
with coefficients in some commutative ring R for B — TOVic, C°° , or H = CH* (resp. C-ff* ® R) the Chow 
groups (with coefficients in R) for B — Vk- Similarly, if we further restrict ourselfes to projective morphisms in the 
algebraic context, then H : Vk — > AB could also be a suitable Borel-Moore functor in the sense of [LM|. 

The corresponding generalized relative Grothendieck groups only with respect to proper morphisms in B (and 
a a corresponding additive invariant) are then denoted by 

Kf^(C s ^ B/T(-)),K^(C S ^ B/-) and K™(C./-). 
Then one has a tautological group homomorphism (by just forgetting the properness condition) 

KP r °P(C s A B/T(X)) -> K{C S 4 B/T{X)), 

whose image is the subgroup of the generalized relative Grothendieck group K(C S — > B/T(X)) generated by 
isomorphism classes [(V, X, h)] with h : S(V) — > T(X) being a proper map. If we assume that S(V) is compact 
(resp. complete in the algebraic context) for every V £ ob(C s ), then we have 

KP r °P(C s ^ B/T{X)) = K(C S A B/T(X j). 

Now our base category B of spaces is not only a symmetric monoidal category with respect to the disjoint union 
U (with unit the initial empty space 0), but also with respect to the product of spaces x (with unit the terminal point 
space {pt}, given by Spec(k) in the algebraic context). Moreover, these structures are compatible in the sense that 

(X U X') x Y = (X x Y) U (X' x Y) and Y x (X U X') = (Y x X) U (Y x X'), 

with 0xF = = Fx0. Similarly the class of proper (or projective) morphisms in B (in the algebraic context) is 
stable under products x . And we want to discuss the multiplicativity properties of our transformations 

associated to an additive invariant on objects in ob(C s ) with values in a suitable additive functor H : B — » AB on 
the category B, which may be functorial only with respect to proper (or projective) morphisms. Here we consider 
for simplicity only the most important case that C t = B and T = idc t . Then it is easy see the following: 

Proposition 3.1. (1) Assume that C s is also a symmetric monoidal category with respect to a product X, such 
that S : C — C s — > B is strict monoidal with respect to U as well as x (e.g. S is the inclusion of a 

subcategory stable under U and x). Then K^ pro P\C ^> B/X) has a functorial bilinear cross product 
structure: 

x : K { p t °p\C A B/X) x K {prop \C A B/Y) ->• K^ prop \C ^> B/X x Y); 

[{V, X, h)\ x [(W, Y, k)] := [(V xW,X xY,hx k)], 

with X o (/„ x g*) = (/ X <?)* o x for all (proper or projective) morphisms f, g in B. 
(2) Assume that the additive functor % : B — > AB is endowed with a bilinear cross poduct 

m : H(X) x H(Y) -> H(X x Y) 
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such that IE o (/* x g») = (/ x o Kl/br all (proper or projective) morphisms /, 5 z'« £>. Consider an 
additive invariant a on objects in 06(C) with values in %, which is multiplicative in the sense that 

a(V x V') = a(V) El a(V') forallV,V' G ob{C). 

Then K^ rop \C — > B/—) also gets a functorial bilinear cross product structure in the same way as 

before and the associated natural transformation r a : K^ rop \c — >• B/—) — > T~L given in Theorem \2.15\ 
commutes with the cross product, i.e., the following diagram commutes: 

K (prop)^ B/x) x K (pro P )^ c g/y) _x_^ K (pr ° P) (C A B/X X Y) 

H(X) x H(Y) H(X x Y) . 

Proof. We only need to prove the commutativity of the last diagram, which follows from 

T a ([(V,X,h)] a X [(W,Y,k)] a ) = T a ([(V X W,X X Y,h X k)] a ) 

= (hx k) m (a(V x W)) 

= (hx fc)„ (a(V)Ma(W)) 

= K(a(V))MK(a{W)) 

= r a ([(V,X, h)] a )®T a ([(W,Y,k)] a ) . 

□ 

Let us illustrate this result in some examples. First we consider the differential-topological context with B = 
TOVic the category of locally compact topological spaces, and C the category or of all differentiable 
(oriented) or stable complex C°°-manifolds, with S : C — > B the forget functor. Of course S commutes with 
U and x for C = C°° the category of C 00 -manifolds. Moreover, any such manifold V has a fundamental class 
[V] G H~ (V; Z2) in Borel-Moore homology with Z2 -coefficients. And this fundamental class is additive and 
multiplicative: 

[V U V] = [V] + [V] and [V x V'}. 
When it comes to an oriented (or a stable complex) C°° -manifold V, then this has a fundamental class 

[V)€H? M (V;Z) 

in Borel-Moore homology with Z-coefficients. And we view them as a category with the same morphisms as for 
the underlying C°°-manifolds, i.e. with C°°-maps between them (so that diffeomorphisms are the isomorphisms). 
Then the disjoint union V U V' or product V x V of two oriented (or stable complex) C°°-manifolds V, V can 
also be oriented (or given the structure of a stable complex) C°° -manifold. And there is a natural choice for this so 
that the fundamental class [— ] becomes additive and multiplicative as before. In this way we also get the symmetric 
monoidal structures U and x on the category of oriented (or a stable complex) C°°-manifolds, with the forget 
functor S to TOVic (or also to C°°) commuting with these structures. Also note that 

sjy x V] = { -iy™ ( vy dim( vi )[v , x y] G H ™ {v)+dim{vl) (V' x V;Z) 

for two connected oriented manifolds V, V and s : V x V' V x V the symmetry isomorphism, since 
H^ AI Z) is graded-commutative with respect to the usual cross product M. 

Corollary 3.2. Let C be the category C?^ or of all (oriented) or stable complex smooth manifolds. Consider a 
contravariant functorial characteristic class 

d{E) e H*(-; Z 2 ) or cl{E) e H 2 *(~; R) 

of (isomorphism classes of) real (oriented) or complex vector bundles, which is multiplicative and normalized, i.e.: 

c£{E F) = dt{E) U c£{F) and 1 = d°(E) G H°(-; R). 
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For a smooth (oriented or stable complex) manifold V, let 

a(V) := c£(TV) n [V] £ H? M (-;R). 
Then the invariant a is additive and multiplicative. By Theorem \2.15\ there exists a unique natural transformation 

r cg : KP a rop (C A TOPte/-) H? M (-;R) 
such that for a smooth (oriented or stable complex) manifold V 

T c e{[(V,V,id v )] a ) = c£(TV)n[V}. 
And t c i is also multiplicative (by Proposition\3J}, i.e.: 

Tct{[{V,X,h)] a x [(W,Y,k)] a ) =T cg ([(V,X,h)} a )®T ce {[(W,Y,k)] a ). 

Proof. The invariant a is additive by the functoriality of cl and the projection formula for the inclusions i : V — » 

V U V and i' : V -> V U V: 

a(V U V') = c£(T(V U V')) n [V U V'] 

= rf(T(FuO)n(u[F] + i'J^]) 

= i, (i*c£(T(V U V')) n [V]) + »i (*'*<rf(T(V U V')) D [V]) 

= i, ( C £(TF) n [t/]) + i', ( C £(iv') n [y']) 

= i.a(^) + ila(V')- 
The invariant a is multiplicative by the functoriality and multiplicativity of c£: 

a(V x V') = ci(T(V x V')) n [F x V'] 

= (c£(7V) IS rf(TV)) n ([V] IS [V']) 
= (cl(TV) D[V})^ (c£(TV') n [V]) 
= a(V) M a(V). 

Note that in the third equality there is no sign appearing, since we only consider even degree characteristic classes 
cl in the context of oriented or stable complex manifolds. □ 

Remark 3.3. In the context of oriented manifolds in the above corollary, (V, X, h) and (V' , X, h) are a-isomorphic 
if and only if the isomorphism (f> : V — > V' (with h = h! o S(4>)) is orientation preserving. Indeed, if <f> : V — > V 
is orientation preserving, then 5(0)* [V] — [V] and <j>*TV' ~ TV as oriented vector bundles. Hence we have 

S(cj>Ua(V)) = S(cl>Uci(TV)n[V]) 

= S(<t>US(<t>)*cl(TV')n[V]) 

= c£(TV') n S(4>)*\V] (by the projection formula) 

= c£(TV')n[V'] = a(V). 

Hence (V, X, h) and (V', X, h) are a-isomorphic. Conversely, if (V, X, h) and (V' , X, h) are a-isomorphic, then 
we have S(»»(a(T/)) = a(V), i.e., S(4>)*(cl(TV) n [V]) = c£(TV) n [V]. Since c£ is normalized, we have 
cl = 1 -| , hence c£(TV) D [V] = [V] + lower dimensional classes. Therefore we have 

S(<P)*[V] = [V]. 

Hence tj> : V — > V is orientation preserving. 

Similarly a is an isomorphism invariant in the context of unoriented manifolds. In the context of stable complex 
manifolds, a is at least invariant under a diffeomorphism cj> : V — > V of stable complex manifolds who preserves 
the stable almost complex structure (and therefore also the orientation) in the sense that <\>*TV ~ TV as stable 
complex vector bundles. 
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If we consider in Corollary 13. 21 all compact (oriented) or stable complex smooth manifolds, then we get similar 
results for any generalized homology theory Ti*, which has a corresponding fundamental class [V] G (V) for a 
compact (oriented) or stable complex smooth manifold V, e.g. for a complex oriented (co)homology theory and V 
a stable complex smooth manifold. 

Let us now switch to some counterparts in the algebraic geometric context, with B = Vk the category of algebraic 
varieties (i.e. reduced separated schemes of finite type) over a base field k, and S : C — > Vk the inclusion functor of 
a (full) subcategory C stable under isomorphisms, disjoint union U and product x, with 0, Spec(k) G ob(C). First 
we consider the subcategory C = V| m of smooth varieties. The proof of the following result is identical to that of 
Corollary [321 

Corollary 3.4. Consider the cospan of categories 

together with a contravariant functorial characteristic class 

c£(E) 6 CH*{—) (g) R or ct{E) G H 2 * (-; R) for k = C 
of (isomorphism classes of) algebraic vector bundles, which is multiplicative in the sense that 

c£(E) = c£(E') U c£(E") 

for any short exact sequence — > E' — > E — > E" — > of such vector bundles. Here CH*(—) is the operational 
Chow cohomology group of IIFul . For a smooth algebraic manifold V, let 

a(V) := c£(TV) n [V] G H*(-) ® R, 

with [V] the fundamental class of V for = CH* the Chow group or H^ 1 the even degree Borel-Moore 
homology in the case ofk — C Then the isomorphism invariant a is additive and multiplicative. By Theorem \2.15\ 
there exists a unique natural transformation 

t c1 : K P r °P(Vr ^ V fc /-) -> «.(-) ® R 
such that for a smooth algebraic manifold V 

T c z([(V ) V,id v )]) = ct(TV)n[V}. 
And t c i is also multiplicative (by Proposition\3J}, i.e.: 

T c ,([(V,X,h)} x [(W,Y,k)]) = T c e([(V,X,h)])®T c e([(W,Y,k)}). 

Remark 3.5. If we only consider projective morphisms and (pure dimensional) quasi-projective smooth varieties, 
then a similar result holds for an oriented Borel-Moore weak homology theory in the sense of BLMI and c£ a 
multiplicative characteristic class as in [LM §4.1.8], which is, for a line bundle L, given by a normalized power 
series in the first Chern class operator of L with respect to 

c£(L) = /(ci(i)), with f(t) 61 + t- W,(pt)[[t]]. 

Here the fundamental class of a quasi-projective smooth variety V of pure dimension d is defined as 

[V] := k*l pt £ T-LdiV) for k : V — > pt the constant smooth morphism. 

Next we consider the subcategory C = y^ pd of (locally) pure-dimensional algebraic varieties over k. Let us 
first recall the universal property of the Nash blow-up v : X — > X of a pure d-dimensional algebraic variety 
X G Obj(VP d ), with TX the tautological Nash tangent bundle over X: Let ir : X — > X be a proper birational 
map with a surjection 7r*£l^ — > to a locally free sheaf SI of rank <i on X. Then the Nash blow-up v : X — > X is 
universal in the sense that ir : X — > X factors through 7r' : X — > X, with SI ~ 7r'*Sl, where the tautological Nash 
tangent bundle TX over X corresponds to the dual of SI. 
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Definition 3.6. Let cl be a functorial characteristic class of algebraic vector bundles as in Corollarv l3.4l For a pure 



(i-dimensional algebraic variety X S Obj (V pd ), the ct-Mather homology class cl ] f a (X) G H* (X) ® R is defined 



to be 

c£f a (X) := v*{cl{fx) n [X]) = 7T*(rf(TX) n [X]). 

Here 7r : X — > X is any proper birational map with a surjection 7r*Sl^- — » VI to a locally free sheaf 57 of rank 
<i on X, with the vector bundle TX corresponding to the dual of f2. This definition is extended to a locally pure- 



dimensional variety X g Obj(vl pd ) by additivity over the connected components of X. 



Note that the second equality in the definition above follows from the projection formula by TX ~ tt'*TX 
and 7r^[X] = [X], since 7r' : X — >■ X is a proper birational map (see BFul Example 4.2.9(b)] in the case of the 
Chern-Mather class c Ma corresponding to cl = c the Chern class). 



Corollary 3.7. Consider the cospan of categories 

v (0p 

together with a contravariant functorial characteristic class 

ci(E) S CH*{—) ® R or cl(E) e H 2 * R) for k = C 

of (isomorphism classes of) algebraic vector bundles, which is multiplicative, //ere CH*{~) is the operational 
Chow cohomology group [Fu, Definition 17.3]. For a (locally) pure-dimensional algebraic variety V, let 

a(V) := c£f a {V) € H*(V) ® /?, 

for = CH* the Chow group or //^ M the even degree Borel-Moore homology in the case ofk = C 

(1) The isomorphism invariant a is additive and multiplicative. By Theorem \2.15\ there exists a unique natural 
transformation 

tom* : KP r °P{V ( k l)pd A V fc /-) -> «,(-) iZ 
Mtc/j that for a (locally) pure-dimensional algebraic variety V 

r ci Ma([(V,V,idv)]) = c£™ a (V). 

Andr c gMa is also multiplicative (by Proposition UTD , i.e.: 

T c( Ma([(V,X,h)] X [(W,Y,k)}) =T c tM a ([(V,X,h)})®T ci M a ([(W,Y,k)}). 

(2) When cl — c is the Chern class, then the following diagram commutes for k of characteristic zero: 



K prop(y{l)pd ^ ^ _ 



U*{X). 

Here the multiplicative natural transformation £u : j{ prop (V^ pd — > Vfe/X) —5- F{X) to the group 
of constructible functions is defined by the isomorphism invariant a(V) := Euy, where Euy is the 
local Euler obstruction of the (locally) pure-dimensional variety V. This invariant is also additive and 
multiplicative. 

Proof. (1) That the isomorphism invariant a(V) := cl^ Ia (V) is additive follows from the fact, that it commutes 
with restriction to open subsets (e.g. a connected component). For the multiplicativity we can then assume that 
V, V are pure dimensional. Let 7r : V — > V be a proper birational map with a surjection 7r*£l^- — >■ f2 to a locally 
free sheaf fi, and similarly for V'. Then 7T x tt' : V x V — > V x V is a proper birational map with a surjection 
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so that 

cC a {v x V) = (tt x tt')* (^jyhjv 7 ) n[7x v 7 ]) 

= (tt x tt'). ((rf(iv) n [V]) m (ciiTv 7 ) n [T 77 ])) 
= (7r,(c£(TF) n |7|)) is «(c£(TF0 n [F 7 ])) 

= c£f Q (F)Hc^f a (F')- 
(2) follows from the construction [Macl | of the Chern class transformation 

c Mac . F{X) ^ H BM {X . Z) 

for the case k = C. MacPherson defined c^ fac (£ , My) = (iy)»c* /a (T/) for iy : V -> X the inclusion of a 
pure-dimensional subvariety, with Euy his famous local Euler obstruction. Namely, the "constructible function" 
counterpart of the Chern-Mather homology class has to be the local Euler obstruction, which is one of his key ob- 
servations. This is extended to locally pure-dimensional subvarieties by additivity over connected components, e.g. 
the local Euler obstruction is then by definition the sum of the local Euler obstructions of all connected components. 
The algebraic counterpart of the MacPherson Chern class transformation 

c Mac . ^ CH*(X) 

for a base field k of characteristic zero was constructed in [Ke| (at least if X is embeddable into a smooth variety. 
The general case can be reduced to this using the method of Chow envelopes as in BFul Chapter 18.3]). Moreover, 
Kennedy also explained in | Ke | that Euy 6 F(V) is a constructible function, where he used the algebraic definition 
of the local Euler obstruction as in ||Fu Example 4.2.9](due to Gonzalez-Sprinberg and Verdier): 

Eu v ( P )= [ c(W|^ 1(p) )n s (7r- 1 (p),F), 

Jir-!(p) 

with 7r : V — y V and TV are as in the definition of the c£-Mather homology classes. Here s(tt~ 1 (p), Vj is the 
Segre class of the fiber tt^ 1 (p) in V in the sense of llFul Chapter 4.2]. Then the multiplicativity of Euy follows as 
in (1) using BFul Example 4.2.5]: 

s(v- Y (p) xir'-^p')^ x T 77 ) = s(tt- 1 (p),V 7 ) Ss^'-'^.F). 

Here the bilinear (functorial) cross product 

B : F(X) x F(Y) -> F(X x Y) 

is just defined by j3® /3'((p,p')) := (3{p) ■ /3' \p'). □ 

Remark 3.8. Assume that the base field k is of characteristic zero. 

(1) Using resolution of singularities one can show that for a given algebraic variety X there are finitely many 
irreducible subvarieties V's and integers ay's such that 

ljc = a vEu v .thus cf QC (l x ) = a v ct Ia (V). 
vex vex 

Whether X is singular or not, cf Iac (X) := c^ Iac (\x) is called MacPherson's Chern class or Chern- 
Schwarz-MacPherson class of X (see |BrSc, Ke, MacTl [Schw 1 1 ISchw2[ ). For X complete, it follows from 
the naturality of the transformation c* /oc with respect to the proper constant map X — » pt, that the degree 
of the O-dimensional component of Cq Icic (X) is equal to the Euler-Poincare characteristic: 

/ c A Iac (X) = X (X). 
Jx 
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(2) Similarly, the degree of the O-dimensional component of the Chern-Mather class c^ a (X) for X pure- 
dimensional and complete is the Euler-Poincare characteristic of X weighted by the local Euler obstruction 

Eu x : 

f c% ra (X)= X (X;Eu x ). 

For X a connected complex affine algebraic variety of pure dimension, the global Euler obstruction Eu(X ) 
introduced and studied in | STVl is a suitable "localization" of the O-dimensional component of the Chern- 
Mather class cf Ia (X): 

H (X; Z)~Z3 Eu(X) c% Ia {X) e H^ M (X; Z) 

under the natural map H (X; Z) ->■ H^ M (X; Z). 

(3) The above "cMVlather class" transformation Tc1 m« : K prop (V ( k l)pd ^ Vk/-) -> %*{-) ® R could be 
considered as a very naive theory of characteristic classes of possibly singular algebraic varieties (in any 
characteristic). 

So far we dealt with the covariance and multiplicativity of the functor Ki^ (C s — > B/T[— )). Next we discuss 
the contravariance with respect to (suitable) "smooth morphisms", where we start with the algebraic geometric 
context with B — Vk the category of algebraic varieties over k and S : C — > Vk the inclusion functor of the (full) 
subcategories C = V k m resp. V l k a of smooth resp. local complete intersection varieties. 

Here X is called a local complete intersection, if it has a regular closed embedding i : X — > M into a smooth 
variety M (i.e. the constant morphism X — > pt is a local complete intersection morphism in the sense of OFul 
Chapter 6.6]). Then X has an intrinsic virtual tangent bundle 

TX := i*TM - N X M e K°(X), 

with N X M the normal bundle of the regular embedding i : X — > M, i.e. TX € K°(X) doesn't depend on 
the choice of this embedding (compare [Fu , Appendix B.7.6]). Of course any smooth variety M is local complete 
intersection, with TM (the class of) the usual tangent bundle TM (just choose i — id,M ■ M — > M). Note that 
the (virtual) tangent bundle commutes with restriction to open subsets (e.g. connected components). Similarly, if 
/ : X — ► Y is a smooth morphism with Y smooth (resp. a local complete intersection), then also X is smooth 
(resp. a local complete intersection), and in the smooth context we have a short exact sequence of vector bundles 

(3.9) -> T f -> TX -> f*TY -> 0. 

with Tf the bundle of tangents to the fiber of the smooth morphism /. In particular 

(3.10) TX = f*TY + T f e K°(X), 

and this equality in the Grothendieck group K°(— ) of algebraic vector bundles even holds for a smooth morphism 
/ : X — > Y between local complete intersections with TX resp. TY the corresponding virtual tangent bundle 
(compare e.g. with HFLI Proposition 7.1]as well as [Fu Appendix B.7]). Finally, the class of smooth morphisms is 
stable under base-change, with Tf ~ h'*Tf for a fiber square as in the following 

Lemma 3.11. The functor K prop (C ^ Vk/ —), with C — V^ n (resp. V l k a ) the subcategory of smooth (resp. local 
complete intersection) varieties, becomes a contravariant functor for smooth morphisms on the category Vk, where 
for a smooth morphism f : X — > Y the pullback homomorphism 

f* : K prop (C ^Vk/Y)^ K prop {C ^V k /X) 

is defined by 

f*([(V,Y,h)}):= [V',X,h% 
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using the fiber square 



V - ) V 



W 

X — Y. 

Of course here we also use the fact that taking such fiber squares commutes with disjoint unions in V resp. V '. 
Theorem 3.12 (Verdier-type Riemann-Roch). Consider the cospan of categories 

c id Vl 

with C — V| m (resp. V l k ct ) the subcategory of smooth (resp. local complete intersection ) varieties. Let cl be a 
contravariant functorial characteristic class 

ct(E) <ECH*(-)®R or c£(E) e H 2 *{~;R) fork = C 

of (isomorphism classes of) algebraic vector bundles, which is multiplicative ( and normalized in case C = V l k cl , so 
that it can also be defined on virtual vector bundles in K (— )). For a smooth (resp. local complete intersection) 
variety V, let 

a(V) := cl(TV) n [V] 6 W.(V) ® R 

be the corresponding (virtual) characteristic homology class, with TL* = CH* the Chow group or H^ 1 the even 
degree Borel-Moore homology in case k = C. 

The isomorphism invariant a is additive, so that by Theorem \2.15\ there exists a unique natural transformation 

r cl : K^\C ^ V fc /-) ® R, 

such that for a smooth (resp. local complete intersection) algebraic variety V 

T ce ([(V,V,id v )}) = ci(TV)n[V}. 

Then this natural transformation Td satisfies the following Verdier-type Riemann-Roch formula: For a smooth 
morphism f : X —^Y the following diagram commutes: 

KP r °P(C 4 V k /Y) H*(Y) (E> R 



r 



ct(T f )nf 



Proof. On one hand we have: 



On the other hand we have 



For a fiber square 



KP r °P(C ^ V k /X) > H*{X) ® R. 

r ci (r([(V,Y,h)]))=r ci ([(V',X,h')]) 

= K(ci(TV')n[V'}). 

ce(T f )nrM[(y,Y,h)]) 

= c£(T f )nr(K(c£(TV)n[V})) 



V f ) V 



h' 

X ► Y 
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with h : V — > Y proper and / : X — > Y smooth, we have the base change identity (see IFul Proposition 1.7]): 

f*h» = Kf* :H*{V)®R^ H*(X) <E> R . 
Hence the above equality continues as follows: 

= c£(T f )ntiJ'*(c£(TV)n[V})) 

= K(h'*c£(T f ) n f'*(c£(TV) n [V])) (by the projection formula) 

= K(c£(T f ,) n f*(cl(TV) n [V]))(by T r ~ h'*T f ) 

= K (c£(T r ) n (c£(f'*TV) n f'*[V})) (by functoriality of c£(-)n) 

= K((ct(T f ,)uce(f' m Tv))n\y]) 
= K (c£(TV) n [V]) 

by the multiplicativity of c£ and ( 13. 9\ resp. ( 13. 10b . Of course we also used the relation [V] = f [V] for the 
fundamental classes. Therefore we get that 

Tct{r{[{V,Y,h)])) = cl(T f )nrM[(V,Y,h)]), 
and the above diagram of the theorem commutes. □ 

Remark 3.13. If we consider only projective morphisms and (pure dimensional) quasi-projective local complete 
intersection (resp. smooth) varieties, then a similar Verdier-type Riemann-Roch formula holds for an oriented 
Borel-Moore (weak) homology theory in the sense of [LM | and c£ a multiplicative characteristic class as in MLMI 
§7.4.1 resp. §4.1.8], which is, for a line bundle L, given by a normalized power series in the first Chern class 
operator of L with respect to H*: 

c£(L) = /(ci(L)), with/(t) el + t-H*(pt)[[t]]. 

Here the fundamental class of a quasi-projective local complete intersection (resp. smooth) variety V of pure di- 
mension d is defined as 

[V] := k*l p t € Hd(V) for k : V — > pt the constant local complete intersection (resp. smooth) morphism 

so that [V] = /' *[V] for a smooth morphism /' : V — > V by functoriality of /'*. 

Remark 3.14. Assume that the base field k is of characteristic zero. 

(1) The interesting thing about the motivic Hirzebruch class or MacPherson Chern class transformation 

: K P r °P(Vr ^ V fc /-) -> ® Q[y] or cf ac : K^{Vl m ^ V fc /-) -> %*{-) 

is for example, that in the above discussions, the naive relative Grothendieck group K prop {yf. m — > Vt/X) 
can be replaced by the much smaller and more interesting relative Grothendieck group Ko(Vk/X), by 
imposing one more additivity relation, as recalled in the introduction: 

[V ^ X] = [W ^ X] + [V\W X], 

with W C V is a closed subvariety of V. So these two transformations factorize over the tautological 
surjective transformation 

KP ro P(y srn ^ Vk/ _ ) ^ Ka(Vk/ _y 

In particular the multiplicativity result of Corollary 13.41 and the Verdier-type Riemann-Roch formula of 
Theorem l3.12l are true for the motivic Hirzebruch class and the MacPherson Chern class transformation 
(compare [BSY)). 
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(2) The corresponding Hirzebruch class T yie (X) = T yls {idx) and MacPherson Chern class c^ Iac (X) — 
c^ ac {idx) of an algebraic variety X is not only invariant under an isomorphism, but also under a proper 
(geometric) bijection: 

/* (T y *(X)) = T y *(Y) and /, (cf ac (X)) = cf ac (Y) 

for a proper morphism / : X — >■ Y such that the induced map / : X(k) — > Y(k) is a bijection of sets (with 
k an algebraic closure of k), since then f*([idx]) = [idy] by Noetherian induction using additivity and 
generic smoothness of /. Of course for MacPherson's Chern class cf Iac (X) = cf ac (lj) this also follows 
from f*TLx = ly € F(Y) for a proper (geometric) bijection f : X Y. Similarly, Baum-Fulton- 
MacPherson's Todd class tdf FM (X) = tdf FM ([Ox]) is invariant under a such a proper (geometric) 
bijection (for k of any characteristic), since f*[Ox] — [Oy] G GVj(F). Finally, Goresky-MacPherson's 
or Cappell-Shaneson's homology L-class L*(X) — L^ s ([ICx]) of a (locally) pure-dimensional compact 
complex algebraic variety X is not only invariant under a proper bijection, but more generally under taking 
the normalization of X. 

Let us finish this section with a counterpart in the differential-topological context, with B = C°° the category 
of C°°-manifolds and S : C — > C°° the forget functor from the the category C — C?^. or C^ 3 of all differentiable 
(oriented) or stable complex C°°-manifolds. 

Lemma 3.15. The functor K prop (C — > C°° /—) for C = or Q3° becomes a contravariant functor for a 
((complex) oriented) submersion f : X — > Y of C°° -manifolds. Here the pullback homomorphism 

f* : K prop {C A C°°/Y) -> K prop (C ^ C°°/X) 

is defined by 

r([{V,Y,h)]):=[V',X,h'], 

using the fiber square 

V f ) V 

h! 

X — ^— > Y, 

with TV' oriented (or given a stable complex structure ) by the short exact sequence 

->• 7> -> TV' -> f'*TV -> 0, 
if TV and the bundle of tangents to the fibers Tf ( and therefore also Tfi ~ h'*Tf ) are oriented ( or stable complex). 

Then the proof of the following result is identical to that in the algebraic geometric context: 
Theorem 3.16 (Verdier-type Riemann-Roch for smooth manifolds). Consider the cospan of categories 

with C — or C^? the category of all differentiable (oriented) or stable complex C°° -manifolds. Let dt be a 
contravariant functorial multiplicative and normalized characteristic class 

c£(E) e H*(-; Za) or ci(E) € H 2 *(-; R) 

of (isomorphism classes of) real (oriented) or complex vector bundles. For a smooth (oriented or stable complex) 
manifold V, let 

a(V) := ct(TV) D [V] E H^ M (V; R). 
The invariant a is additive, so that by Theorem \2.15\ there exists a unique natural transformation 

Tce : K prop (C A C°°/-) -> Hf M {-; R), 
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such that for a smooth (oriented or stable complex) manifold V 

T*([(V t V,idv)]) = ct(TV)c\\y\. 

Then this natural transformation r c £ satisfies the following Verdier-type Riemann-Roch formula: For a ((complex) 
oriented) submersion f : X —±Y of C°° -manifolds, the following diagram commutes: 

KP r °P(C AC°°/F) Tcl ) H^ M (Y;R) 

f'\ ct(T f )nf* 

RP r °P(C Ac°°/X) > H^ M (X;R). 

4. Examples 

In this last section we discuss some results, questions and problems related to some very specific examples, 
which also fit with our natural transformations associated to some additive (homology) invariants. 

4. 1 . The case of the fundamental class. Let us first consider taking the fundamental class [— ] e H^ M (—;R) for 

R = 1,2 (or R = Z) on the category C?^ of (oriented) C°° -manifolds. The fundamental class a := [— ] is certainly 
an additive and multiplicative homology class and by Corollarv l3.2l we have a unique natural transformation 

r H : KPJ°P{C A TOVic/-) Hf M (-; R) 

such that tt_i ([(V, V, idy)]) = [V] for a smooth (oriented) manifold V. Here an a-isomorphism <j> : V — > V' is 
just an (orientation preserving) diffeomeorphism by Remark fOI 

Of course such an additive (and multiplicative) fundamental homology class a := [— ] is also available on bigger 
categories of spaces, like the categories C° j of (oriented) topological manifolds, or C^ ldo the category of (oriented) 
triangulated or topological pseudo-manifolds, whose morphisms are by definition just continuous maps of the 
underlying topological spaces (so that an isomorphism is nothing but a homeomorphism). If we restrict ourselfes 
to compact spaces (as classically often done), then these fundamental classes live in usual homology ;R) 
for R = Z 2 (or R = Z in the oriented context). Moreover such an additive and multiplicative fundamental class 
a = [— ] € H*(—;R) is also available for the category cP°' ncare of finite (oriented) Poincare complexes, i.e., 
topological spaces V (like homology-manifolds) which satisfy Poincare duality 

n[V] : H*{V;R) ^ H*(V;R) 

for a suitable fundamental class [V"] 6 H*(V;R) . So we can turn these categories C as before into symmet- 
ric monoidal categories with respect to disjoint unions U (and also products x) such that the forgetful functor 
f : C — > TOVic is strictly monoidal. Moreover, an a-isomorphism : V — >• V in this context is just an (orienta- 
tion preserving) homeomorphism. 

Then the classical Steenrod's realization problem can be reinterpreted as the problem of asking for the surjec- 

f 

tivity of the group homomorphism T[_] : K a (C — > TOV/X) — > H*(X; R) for a topological space X. Here the 
following results are well known (see |Rud2l [Sul2l ). 

Theorem 4.1. (1) f llThTl and IIRudll Chapter IV, Theorem 7.33]) 

r H : K(C C °° -4 TOV/X) -)• H4X;Z 2 ) 

is surjective, i.e. every ^-homology class can be realized by a compact smooth manifold. 
(2) (|Thl | and [Rudl , Chapter IV, Theorem 7.37]) The following composed map is surjective: 

r H : K a {Cf Q 4 TOV/X) H*(X; Z) H^X; Z), 

0<i<6 

i.e. every Z-homology class in degree i < 6 can be realized by a compact oriented smooth manifold. 
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(3) ( IILevI ) The following composed map is surjective: 

r H : X Q (Cf~ 4 TOV/X) -+ H*(X; Z) P ™ J '' H t {X; Z), 

i.e. every Z-homology class in degree i =/= 3 can be realized by a finite oriented Poincare complex. 

(4) r lSuTTl and iRudTl Chapter VIII, Example 1.25(a)] J 

t h : K a (C" c r do 4 TOV/X) -> iT*(X; Z) 
is surjective, i.e. every 1-homology class can be realized by a compact oriented pseudo-manifold. 

4.2. The case of the Stiefel-Whitney class. Let V be a differentiable manifold and let c£*(V) G H^ M (V, Z 2 ) 
be the Poincare dual c£(TV) D [V] of a multiplicative and normalized functorial characteristic class c£(E) 6 
H*(—, Z2) of (isomorphism classes of) real vector bundles. a(V) := c£*(V) is clearly an additive (and multiplica- 
tive) homology class, and we have by Corollary |3.2| a unique natural transformation 

Tee, : K prop (C°° A TOTic/-) -> H? M (-;Z 2 ) 

such that rrf, ([(V, V, idy)]) — c£*(V) for a smooth manifold V. In particular the Stiefel-Whitney class c£ = w is 
a typical one. 

If we restrict ourselves to the category Vr of real algebraic varieties and let V^ m be its full subcategory of 
smooth real algebraic varieties, then we have a more geometric "realization" of the natural transformation on 
the category Vr through ^-valued semi- algebraic constructible functions: 

KP r °P{Vl m 4 Vm/X) — >■ F(X; Z 2 ) 



H« M (X,Z 2 ). 

Here the multiplicative natural transformation const is defined by the isomorphism invariant a(V) := ly, which 
is additive and multiplicative. The Stiefel-Whitney class transformation 10* : F(X\ Z 2 ) — > H® M (X, Z 2 ) was first 
constructed by Sullivan MSullll in the pl-context. For a new approach in the semi-algebraic (or subanalytic) context 
through the theory of "conormal or characteristic cycles" see (FMc|. 

Remark 4.2. For a compact topological manifold V, Thom constructed a Whitney class using a relation with Steen- 
rod squares IITh21 (see MMac2l ). Let us denote this Thom- Whitney class in homology by wJ h (V) G H*(V\ Z 2 ), 
which for a compact smooth manifold V agrees with the Stiefel-Whitney class w^(V) above. Then also a(V) := 
w^ h (V) is an additive (and multiplicative) invariant, so that we have a natural transformation 

t™ : K(C° 4 TOVI-) ff*(-;Z 2 ) 

defined by 

r^([(V,X,h)]) = h^ h (V). 
If we consider the above Whitney class transformation 

w* : K{Cf 4 TOP/-) -»• H*(-;Z 2 ) 

for compact smooth C°° -manifolds, then this is surjective by Theorem l4.U i). since tu*(V) = [V] + . . . equals the 
fundamental class plus lower order terms. So a natural problem is to find for a given compact topological manifold 

X a class /3 e K(C^° 4 TOV/X) such that 

w^)=wl h {X). 
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4.3. The case of the Pontryagin and L-class. Let V be an oriented differentiable manifold and let c£*(V) e 

H§, M {V, Q) be the Poincare dual ct(TV) PI [V] of a multiplicative and normalized f tinctorial characteristic class 
c£(E) £ H 2 *(—,Q) of (isomorphism classes of) oriented real vector bundles. a(V) := c£*(V) is clearly an 
additive (and multiplicative) homology class, and by Corollary |3.2| we have a unique natural transformation 

Trf, : J^«*(C~ A TOVio/-) -> # 2 B * M (-;Q) 

such that t c ^„ ([(V, V, idy)]) = c€*(V) for a smooth oriented manifold V . In particular the Pontryagin class c£ — p 
and the Hirzebruch-Thom L-class ci = L are typical ones. 

If we restrict ourselves to the category Vc, c of compact complex algebraic varieties and let V^™ be its full 
subcategory of compact smooth complex algebraic varieties, then we have a more geometric "realization" of the 
natural transformation L» on the category Vfc.c through Cappell-Shaneson-Youssin 's cobordism groups f2* (X)(see 
flCSl , HYoul ) and the motivic relative Grothendieck group as mentioned in the introduction (compare with HBSY1 
for more details): 

K(V s Cc ^ Vc, B /X) K (Vc/X) 

H 2 *(X, Q) Q(X). 
Here the (composed) multiplicative natural transformation 

sd : K(V s c m c 4 Vc,c/X) -> n(X) 
is defined by the isomorphism invariant a(V) := [Qv [dim V]} £ Cl(V), which is additive and multiplicative. 

Remark 4.3. For a compact triangulated Q-homology manifold V, Thom constructed in BTh3l an L-class in 
H 2 *(V; Q) ~ H2*(V; Q) using a relation with the signature (see IMac2l [Sul2D . so that for a compact oriented 
smooth manifold it agrees with the usual L-class L(TV) of the tangent bundle by the famous Hirzebruch sig- 
nature theorem. Through the development of Intersection (co)homology, this approach was further extended (by 
e.g. Goresky-MacPherson |GM| and Cappell-Shaneson HCSI1 ) to more general singular spaces like compact (lo- 
cally) pure-dimensional complex algebraic varieties. But then one has to view this class as a homology L-class in 
H2*{V\ Q). Nevertheless, in Thorn's original approach for a compact triangulated Q-homology manifold V only, 
one can use Poincare duality to view this as a cohomology class in H 2 * (V; Q). Using the cup-product structure on 
cohomology, he was then able to define also a Pontryagin class p(V) G H 2 *(V; Q) so that for a compact oriented 
smooth manifold it agrees with the usual Pontryagin class p(TV) of the tangent bundle. 

Let us call the corresponding homology classes the Thom-Pontryagin and Thom L-class, denoted by 

pr i (X),L™(X)eH 2 *(X;®). 

If we consider the above Pontryagin- or L-class transformation for cl — p or L in the context of compact oriented 
smooth manifolds 

T Um : K a (C£ 4 TOVI-) -> ff 2 *(-;Q), 

then for a given compact triangulated (Q)-homology manifold X it is a very interesting problem to find a class 
/3 e K(C™ A TOV/X) such that 

p*(P)=P* h (X) or L*(/3) = L^ h (X). 

Note that the rationalized group homomorphism r c i t (g) Q is surjective by [Thl| (compare BRudll Chapter IV, 
Theorem 7.36]), since c£*(V) = [V] + ... equals the fundamental class plus lower order terms. 
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4.4. The case of the Chern class. Let V be a stable complex differentiable manifold and let c£*(V) G H^, M (V,R) 
be the Poincare dual c£(TV) n [V] of a multiplicative and normalized functorial characteristic class ci(E) G 
H 2 *(—, R) of (isomorphism classes of) complex vector bundles. a(V) :— c£*(V) is clearly an additive (and mul- 
tiplicative) homology class, and we have by Corollary |3.2| a unique natural transformation 

T ce , : KP r °P(C^ A TOViJ-) -> Hl M {- : R) 

such that Tcf, ([(V, V, idv)]) = c^*(V") for a smooth stable complex manifold V. In particular the Chern class 
cl = c is a typical one. 

If we restrict ourselves to the category Vc of complex algebraic varieties and let V c m be its full subcategory of 
smooth complex algebraic varieties, then we have a more geometric "realization" of the natural transformation c* 
on the category Vc through constructible functions and the motivic relative Grothendieck group as mentioned in 
the introduction (see |BSY| for more details): 

KP r °P(Vg m -4 V c /X) taut > K (V C /X) 
Hg M (X,Z) ^— F(X). 

c Mac 

Here the (composed) multiplicative natural transformation 

const : K prop {V s c m ^ Vc/X) -> F(X) 
is defined by the isomorphism invariant a(V) := ly G F(V), which is additive and multiplicative. 

4.5. The case of Chern classes of other types. Let V c mf> be the subcategory of (complex) algebraic varieties 
embeddable into smooth varieties and let cf J (X) resp., cf J (X) be Fulton-Johnson's Chern class resp., Fulton's 
canonical class defined for such an embeddable (complex) algebraic variety: cf J (X) ( BFul Example 4.2.6 (c)]) is 
defined by 

cf J (X) := c(TM\ x ) n s(N x M), 
where TM is the tangent bundle of M and s(AfxM) is the Segre class of the conormal sheaf AfxM of X in M 
flFul §4.2]. Fulton's canonical class cf (X) ( IIFul Example 4.2.6 (a)]) is defined by 

cf(X) :=c(TM\ x )ns(X,M), 

where s(X, M) is the relative Segre class IIFul §4.2]. For a local complete intersection variety X we also have a 
normal bundle NxM in M, from which we can define the virtual tangent bundle Tx of X (as in §3) by 

T x := TM\ X - N X M G K°(X). 

As shown in IIFul Example 4.2.6], for a local complete intersection variety X in a non-singular variety M, these 
two Chern classes are both equal to the virtual Chern class 

cF J (X) = cF(X)=c(Tx)n[X]. 

Moreover, both isomorphism invariants a{V) := cf J (V) and cf (V) are additive for V G o6(V c m& ), so that 
there exists unique natural transformations on the category Vc: 

r cf ,r cf , : K P r °P(Vr b ± Vc/-) -> ^ M (-;Z), 

such that 

r cf ([V^V])=cf(V) resp. r cf , {[V ^ V]) = cf J (V) 

for 1/ G o&(V£ mb ). Finally, using Chow groups CH*(X) as a corresponding homology theory, all of this re- 
mains true over any base field k (instead of working over C with Borel-Moore homology), with the invariant 
ctiV) = cf (V) for V G ob(Vj: mb ) also multiplicative (as follows from flFul Example 4.2.5]). 
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